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Abstract 



o 

We consider the Cauchy problem with smooth and compactly supported initial data for the 
, wave equation in a general class of spherically symmetric geometries which are globally smooth and 

■ asymptotically flat. Under certain mild conditions on the far- field decay, we show that there is 

a unique globally smooth solution which is compactly supported for all times and decays in L^ c 
as t tends to infinity. Because particlelike geometries are singularity free, they impose additional 
difficulties at the origin. Thus this study requires ideas and techniques not present in the study 
of wave equations in black hole geometries. We obtain as a corollary that solutions to the wave 
equation in the geometry of particle-like solutions of the SU(2) Einstein/ Yang-Mills equations decay 
as t — > oo. 



> ■ 1 Introduction 

Recently there has been much interest in obtaining decay results for the wave equation in various black 
hole geometries. In the case of the Schwarzschild metric, Kronthaler showed in [8] that there exists 
a unique global solution to this problem and, moreover, the solution decays pointwise as t — > oo. In 
[5] Donninger, et al. obtain the specific decay rate t~ 3 for solutions; and in [5] Kronthaler obtains 
the same rate under the assumption that the data is spherically symmetric (i.e. for the first angular 
mode of the full solution), along with the additional result that if the data is momentarily static (i.e., 
d t 4>\( x o) = 0), then the decay rate can be improved to t~ 4 (again for the first angular mode). For the 
Kerr metric (without a smallness restriction to the angular momentum), Finster et al. showed decay 
of solutions of the wave equation in [6] . If the case of sufficiently small angular momentum, Dafermos 
and Rodnianski were able to demonstrate the uniform boundedness of solutions to the wave equation 
in [3], and Andersson and Blue obtained decay rates in pQ. However, in this paper we intend to study 
particle-like geometries (i.e. non-singular and asymptotically flat). This is, therefore, an entirely novel 
problem. 

We consider a 4-dimensional Riemannian manifold with metric g: (./#, g) where the metric g is 
given by 

ds 2 = g l3 dx l dx 3 = -T- 2 (r)dt 2 + K 2 {r)dr 2 + r 2 (d9 2 + sin 2 9d(j) 2 ), (1.1) 

and where r > 0, < 9 < n, and < <fi < 2ir. We assume that the metric coefficients are globally 
smooth: T,K <E C°°[0, oo); we also assume that the metric is not degenerate: T, K > (note that since 
we shall assume T, K — > 1 as r — > oo, this implies T and K are bounded away from zero). We further 
assume 

K(0) = 1, (1.2) 
T'(0) = K'(0) = 0, (1.3) 
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T(r) ~ 1 + O I - ] and if(r) ~ 1 + O ( - ) as r -> oo, (1.4) 



and finally 



T'(r) K'(r) n ( 1 , 

W V - O ^ as r -> oo. (1.5) 



T(r) #(r) 

In other words, we are assuming that near the origin, the t = const, hyperplanes are similar to the 
Euclidean space R 3 up to order r 2 , and in the far-field limit ^ is the Minkowski space M 1+3 up to 
order r . These assumptions are essential in describing what we consider a particlelike geometry. The 
assumption (| 1 . 5|) is equivalent to assuming that \og{TK) = O (-^) for large r, so we assume control on 
the rate at which the log of TK tends to 0. These assumptions are satisfied for the important examples 
of particle-like geometries (e.g., Minkowski, particle-like solutions of Einstein/ Yang-Mills (EYM) with 
gauge group SU(2), c.f. [II])- 

We propose to study the Cauchy problem for the wave equation in this geometry. However, there 
is a boundary at r = and we must impose a boundary condition there. When considering black hole 
solutions, one merely requires that the data be compactly supported away from the horizon. Then, 
one can show that the solution never reaches the boundary, so that the natural boundary conditions 
are that the solution is zero at the horizon and at infinity. In the particle-like case, we must take a 
different approach, however, since there is no reason why the solution of the wave equation in a particle- 
like geometry should be always supported away from the origin. So we must determine the proper 
(i.e. physical) boundary condition at the origin. To do this, we recast this as a problem in Cartesian 
coordinates. Making this change of coordinates, the metric (in coordinates (t,x,y,z)) becomes 

ds 2 — gijdx 1 dx\ (1-6) 

where the nonzero metric coefficients are given by 

3n = -T-\r) 

x 2 K' 2 (r) + y 2 + z 2 
.922 = -5 

xz(K 2 (r) - 1) 

524 = 342 — n 

xy{K 2 {r) - 1) 

.923 = .932 = 5 (1-7) 
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x 2 + y 2 K 2 {r) + z 2 



yz{K 2 (r) - 1) 

334 = 343 = 5 



x 2 + y 2 + z 2 K 2 (r) 
.944 — 5 : 



and r = \/x 2 + y 2 + z 2 . Note that these coefficients are globally smooth (the conditions K(0) = 
1,K'(0) =0 guaranteeing smoothness at the origin). This is obvious for each term except the diagonal 
gn terms. Consider, for example, 322- We can write 



K 2 a / r 2 K 2 



from which we see that 322 is globally smooth. Similar arguments demonstrate the smoothness of the 
other diagonal terms. The wave equation in this geometry is given by 

1 l^iAV=: 



= g^ViViC = ( V^g^g- I C =: (1.8) 
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Since this is a Lorentzian metric, the Laplacian will be a hyperbolic operator and we therefore expect 
finite speed of propagation. This coupled with compactly supported initial data suggests the asymptotic 
boundary condition £(i, x, y, z) — ¥ as r —> oo. We therefore study the Cauchy problem^ 



□C(t, x, y, z) = 0, (x, y,z) G M?,t > Q 
{C,Kt)(0,x,y,z) = Z {x,y,z) G Cg 



(1.9) 



(We omit the asymptotic boundary condition at infinity since we will show that it is necessarily satisfied 
by the solution of l|1.9jl .) Next we write out explicitly □£ = in Cartesian coordinates: 



^ <*.{,,,,+£ 

i=l 



(1.10) 



where the coefficients are given by 

an = 

»22 = 

«33 = 

012 = 
«13 = 
»23 = 
6, - 



1 



1 

r 2y2 
1 

r 2y2 
«21 = 

031 = 

032 = 

2 



X 



+ y 

K 2 

y 2 ~ 



+ z~ 
+ z 2 

' K 2 



(l-K 2 )xy 

r 2y2^2 ' 

(1 - K 2 )xz 
r 2 T 2 K 2 ' 
(l-K 2 )yz 

r 2 T 2 K 2 ' 
(1-X 2 ) 



(1.11) 



"K 2 





K'\\ 







We will frequently suppress the arguments of functions to ease notation. We can show as before that 
these coefficients are globally smooth. If we now let v = (£ x , £ y , £ z , Ct) T , then we can write equation 
(jLTOj) as 



Adtv — A\d x v — AidyV — A^d z v — Bv = 0, 



(1.12) 



where 



.4 



I an oia oi3 ^ 

021 022 a 2 3 

031 032 0-33 

\ 1 / 



At 



( o 





\ an Cli2 Oi3 



an ^ 

Oi2 
Oi3 

/ 



and B 












°\ 


























&1 


&2 


63 


/ 



Then, since the eigenvalues of A are 1, T~ 2 , T~ 2 , and K~ 2 and these are all bounded away from zero, A 
is uniformly positive definite and the system in (|1.12j) is therefore a symmetric hyperbolic system (in the 
sense of section 5.3 in [7]). Accordingly, there exists a unique, global, smooth solution that propagates 
with finite speed. Coupling this with the initial data yields a solution £ of (|1.9[) that is unique, smooth, 
globally defined, and compactly supported for each t. 



1 We use the compact form (tp, itpt) for the data in what follows, since this is most convenient when we reformulate this 
as a Hamiltonian problem later. 
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We now wish to use this solution to understand the wave equation in the coordinates (t, r, 9, (j>). In 
particular, it is necessary to obtain a natural boundary condition to impose at r = 0. To this end, let 
us recall that = V£ • ^ x,v,z ^ , so that for any e > 



dS = 



dB(0,e) 



A(dV, 



B(0,e) 



by the divergence theorem. Thus (using the notation that j-^ fdx = j^y Jq fdx), 



aB(0,e) 



dr dS = 3 



A(dV. 



(1.13) 



B(0,e) 



Since £ is smooth, the integral on the right remains uniformly bounded as e \ 0, and thus (|1.13j) yields 

e\fl J or or 



r=0 



Thus we obtain the boundary condition at r = 0: 

dC 

Or 



= 0. 



(1.14) 



Or 



r=0 



= 0. Now the wave equation in the coordinates (t, r, 9, </>) reads (we now consider ( = ((t, r 9, </>)) 



T 2 t 1 ( 2 1 f T ' 

-T Qtt + Crr + - ^ ^ r + 7f 

We are therefore interested in solving the Cauchy problem 



Cr + -f-C = 0. 



(1.15) 



T%t + Mrr + (7^-^(^ + ¥))Cr + = on R x (0, oo) x S 



= 



r=0 



(1.16) 



.(C,iCt)(0,r,M) =Z (r,9,<l>) G=e/ 2 



where 



^ := G C°°([0, oo) x S" 2 ) : "i/v| r=0 = and there exists i? > so that ip(r, 9,4>) = for r > R} . 

(1.17) 

Theorem 1.1. TTie Cauchy problem (|1.16[) /ias a globally smooth, unique solution Moreover, £ £ jz/ 
/or eac/i izme i. 

Proof. This follows at once from the above result when we change to spherical coordinates and consider 
C = C(*,r,M). □ 



Let us now define the coordinate it = u(r) by 

u(r) = - 



WW1 ,, 

(r') 2 ^ ' 



(1.18) 



which maps the interval (0, oo) to (— oo, 0). We record some asymptotics of u which will be useful later. 
For large r, we have u /*• according to 



u(r) = h O 

r 



1 



or - = -r + 0(l). 

u 



(1.19) 
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For r small we have u — ¥ — oo according to 

1 1 



u(r) = — + 0(1) or - = -r + 0(r z ). (1.20) 
r u 



If we let ip(t, u, 6, ft) ~ £(t, r(u), 6, 4>), then ip satisfies 



„2 



-,^ + « + f ,A s ,j, = 0„»«x(-oo,0,x S *. (1,!, 

Furthermore, ip is the unique, global, smooth solution of the Cauchy problen|^| 

' (-r 4 <9 2 + dl + ^A s2 ) V = on R x (-oo, 0) x S 2 

4>u = 0(^) as U ->-oo (1-22) 
W,iip t )(0,r,8,<f>) = *„(r,M) G^ 2 , 

where ip £ 38 \i and only if ip £ C°°((-oo, 0) x S 2 ) and 

(i) there exists uq < so that ^(^j 9,ft) = for all it > ito; 

(ii) ifi u = O (^) as «-> — oo; and 

(iii) ip and all its derivatives have finite limits as u — > — oo. 

Observe that S3 and ^ are related to each other in the sense that, given £(r, 9, (ft) £ stf ', ip(u, 6, (ft) := 
((r(u), 8, 4>) £ 3%. To see this, note that ( r = 0{r) for small r, and thus we have 

for small r. Owing to the asymptotics in (|1.20p for small r, it follows that ip u = O (i) as u — > — oo. 
Recalling also that £ is smooth up to the origin, it follows that ip and all the derivatives of ip have finite 
limits as u — > — oo. 

We also note that ip £ £3 for all times t. This follows from the above observations and the fact that 
£ £ Thus the energy 



E ^)-= J q J J r 4 (ip t ) 2 + (^ u ) 2 + ^ ^-^(d^) 2 + sm 2 e(d cos gij) 2 ^dud(cos0)d(f> 



(1.23) 



is well-defined. Moreover, the summability guarantees that we may compute 4zE(ip) by differentiating 
under the integral!! Integrating by parts and using the asymptotics (|1.20[) to account for the boundary 
terms yields that -^E(ijj) — 0; i.e. the energy is conserved. 

We next let ^ = (ip,iipt) T and recast (jl -22[) as a Hamiltonian system; i.e. ^> is the unique global 
solution in 3% 2 for all times t of the Cauchy problem 

jid t ^ = on R x (-oo, 0) x S 2 

W(0,u, #,</>) = * o ( U ,0,0)g^ 2 , (L24 ' 



2 The condition on tp as u — > — oo is precisely the condition £ r | r _Q = after changing variables and employing the 
asymptotics 111.1911 and dl.20t . 

3 We can do this since according to the asymptotics 1 11.1911 and 1 11.2011 the coefficients on the first and third terms in the 
integrand decay at least as fast as -\ as u — > — oo, and the ip u term decays as Jj-. Then, using that all the derivatives 
of tp have finite limits as u — ¥ — oo, we can apply Lebesgue's dominated convergence theorem to differentiate under the 
integral. 
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where the Hamiltonian H is given by 



Q j andA = --j^--^. (1.25) 

We can also see that the energy functional induces an inner product on £% 2 . For $,r £ 3§ 2 , the 
inner product (^jT) is given by 

2tt r l r Jl / ^ 



r ^272 + (9«V , i)(5«7i) + 7777 , 3 - (dd,tpi)(d < f,'yi) + sin 9(d C o S e^i)(d C oseji)dud(cos9) d(j). 
-i J-oo 1 \sm 6< / 

(1.26) 

Proposition 1.1. H is symmetric with respect to (•, •) on SS 2 . 

Proof. Consider arbitrary ty G 3§ 2 . Corresponding to is a solution \I> of f|l .24[) . and E^) = 
is conserved. Thus we have 

o =!<*,*> 

= -i{H^,^r) + i{^,H^). 

This shows that (HW, Vf) = (^ji/^). Now this expression holds independent of t, and in particular it 
holds at t = 0. Thus (i/^Oi^o) = (^o, H^o). A simple polarization argument then shows that since 
(H^ Q , * ) G K for each ^ e 8§ 2 , H is indeed symmetric on 3§ 2 . □ 

We can reduce this from a three-dimensional problem to a one-dimensional problem by projecting 
our solution onto the spherical harmonics: 

oo 

#(t, u, 0, eft = £ XI u ) Y i™( > (1.27) 

1=0 \m\<l 

where the Y\ m are the spherical harmonics (i.e. Ag2Y; m = — 1(1 + l)Yi m ) and this series converges 
uniformly and absolutely for fixed (t, it) € K x (— oo, 0) (c.f. [2]). The inner product (•, •) decomposes as 



1=0 \m\<l 



lm\ 

I 



^ r 2 

= EE/ ^V2 m 7r + (^ m )a 7 i m ) + ^^a + i)^ m 7j m ^, (i-28) 

;=o \ m \<i J -°° 
and the action of the Hamiltonian decomposes as 

oo 

M^^ff,*""^, (1.29) 

1=0 \m\<l 

where 

We note also that0 Hi is symmetric on 16?, where ij) € ^ if and only if ^ 6 C°°(— oo, 0) and 



4 This is different from the black hole case, since we must now account for the fact that our solution of the original 
problem HI. 161 1 need not be supported away from the origin 



G 



(i) there exists uq < so that ip{u, 9,4>) = for all u > uq; 



(ii) ip u = O (^) asu^ -oo; 

(iii) tp and all its derivatives have finite limits as u — > — oo; 

(iv) if I 7^ 0, V = O (4r) as it -> -oo. 

The symmetry statement follows, since for \j/' m ; r' m S ff? we have 

(^*' m ,r im ) / = (H(¥ m Y lm ),T lm Y lm ) 
= (¥ m Y lm ,H(T lm Y lm )) 
= (¥ m ,HiT lm )i. 

The component functions are global, smooth solutions in for each time t of the Cauchy problem 

Ud t m lm = H^ 1 " 1 on K x (-oo, 0) 
|*' m (0,u) = *(, m (u) e tf 2 . 

That the \E ,Zm satisfy conditions (i) - (iii) has been demonstrated; we must still verify condition (iv). This, 
however, follows from the fact that if ijj{r, 9, <j>) = YjuLo Si m |<i i^" 1 { r Y^im{9 , cf>) and tp is well-defined at 
the origin, then ip lm (0) = for I ^ 0. Indeed then, since our first solution ( was well-defined at the 
origin and smooth up to the origin with d r £(t,0,8,<fi) = 0, it follows that ( lm = 0(r 2 ) near the origin 
for I ^ (C' m being the component functions in the spherical harmonic expansion of £). Translating 
this in terms of the u variable implies that, indeed, for 1^0, \& = O (-4-) as u — > — oo. The symmetry 
of the Hamiltonian implies that the energy Ei{^ lm ) := (\I/ im , v[/ im ); is conserved for solutions of (|1.31l) . 
and energy conservation implies that ty lm are the unique solutions of (|1.31[) in ^ 2 . 



2 Spectral Analysis & The Hamiltonian 

We wish to derive a representiation formula for 1 $ lm . To that end, we wish to apply Stone's formula to 
Hi, which expresses the spectral projections of Hi in terms of the resolvent. However, Stone's formula 
applies to self-adjoint operators, so we must find a self-adjoint extension of Hi. To that end, we must 
find a Hilbert space on which Hi is densely defined. Let us first note that we can write 

(*,r)i = (V>i,7i)*i + (ip2,72)l 2 , 

where, of course, (•, ')j l5 (•, -); 2 correspond to the terms in the integral in (jl.28p acting on the first and 
second components of the input functions, respectively. Then we let 

Jf r2 :=({^:r 2 V>€£ 2 (-oo,0)},(-,-) ;i ) 

and 

JtQ := ({V : i>u € L 2 (-oo,0) and r 2 vf^ € L 2 (-oo,0)} , (■, -), a J , 

where Vi = % . Then we take J^ r 2 ,0i o ^° ^ e the completion of ^ within respectively. 
Finally, we take ^ = 3^ r i^ © o- 

Proposition 2.1. The operator Hi with domain ^{H{) = ^€ 2 is essentially self-adjoint in the Hilbert 
space '. 

Proof. To prove this, we will use the following version of Stone's theorem (c.f. [TO], Sec. VIII. 4): 
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Theorem 2.1 (Stone's Theorem). Let U(t) be a strongly continuous one-parameter unitary group on 
a Hilbert space . Then there is a self-adjoint operator A on J$? so that U(t) = e ltA . Furthermore, let 
^ be a dense domain which is invariant under U(t) and on which U(t) is strongly differentiable. Then 
i^ 1 times the strong derivative ofU(t) is essentially self-adjoint on S> and its closure is A. 

Consider the Cauchy problem (|1.3ip . We have already demonstrated that there is a unique solution 
to this problem in c €f for each time t. Therefore we may define the operators 

U{t) : i ^ %f by 

U(t)¥ m = ¥ m (t). 

The energy conservation guarantees that the U(t) are unitary on ^ 2 with respect to (•,•)/ and they 
therefore extend to unitary operators on J$?. The uniqueness of the solution guarantees that C/(0) = Id. 
and U(t)U(s) — U(t + s) for all t, s G R, and thus the U(t) form a one-parameter unitary group on Jtf. 

We next wish to show that the U(t) are strongly continuous on Jff. Thus let W € Jtf '. Then there 
exists (^n) C ^ 2 such that \&„ — > "J and we have 

\\U(t)V - || < \\U(t)V - U{t)* n \\ + \\U(t)* n - * n || + ||*„ - *||. 

Thus since the U(t) are unitary and since U(t) is obviously strongly continuous on , it follows that 
the U (t) are strongly continuous on JF. Moreover, the smoothness of the solution guarantees that the 
U(t) are strongly differentiable on ffj 2 . A simple calculation shows that for (ipi,ip2) T € ^/ 2 , 

lim ~ (U(t)(i> u i> 2 ) T - {if>i,ihY) = {-ii>2,-iA^ x ) T = -m(tPi,^ 2 ) T , 

and thus that i^ 1 times the strong derivative of U(t) is — Hi. 

Therefore, since "if 2 is invariant under U(t), Hi is essentially self-adjoint on ^f. □ 

Thus, Hi has a unique self-adjoint extension Hi defined on a dense domain in containing < ^' 2 . The 
specifics of the domain, however, are irrelevant to our study, so we ignore these details. 



3 Stone's Formula &; The Resolvent 

We now recall Stone's formula (c.f. [10]), since this is the tool by which we will derive a representation 
formula for ty lm ; 

Theorem 3.1 (Stone's Formula). For a self-adjoint operator A, the spectral projections are given by 

\ (P[a,b] + P(a,b)) = lim j [(A — <j — is)- 1 -{A-u + ie)- 1 ] dco, (3.1) 

where the limit is taken in the strong operator topology. 

So we see then that in order to utilize Stone's formula, we must study the resolvent of Hi. To that 
end, we consider the eigenvalue equation 

HiT = uT. (3.2) 

Since Hi is self-adjoint on a domain in Jjf, it follows that the spectrum cr(Hi) C K and that the resolvent 
(Hi — lu)- 1 : Jf? i — y Jtf? exists for all to € C \ R. Thus, the eigenvalue equation (|3.2j) has no solutions in 
Jtf for Im w/:0. However, (|3.2j) is equivalent to the ODE 

2 

- 7 » - ^ 2 r 4 7 + £=1(1 + 1)7-0 on (-oo, 0), (3.3) 
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where the arguments are r = r(u) and T = T(r(u)). We will construct the resolvent out of solutions to 
this ODE. 

To solve this ODE, let us first note that if we consider the coordinate s(u) given by 

/u 
r 2 (u')du' (3.4) 
-oo 

and let 

V(s) =r(u(s))j(u(s)), (3.5) 

then rj solves the ODE 



(3.6) 



- V"(s) - + (fcll - - J^ ( T - + ) „ = on (0, oo). 

Let us note that we may regard s as a function of r by considering s(u(r)), which yields 

s(u(r)) = f K(r')T(r')dr'. (3.7) 



We now look to construct two linearly independent solutions of the ODE (|3.6p . one satisfying bound- 
ary conditions at s = and the other satisfying asymptotic boundary conditions at s = oo. In what 
follows, we will let A = I + |, so that 1(1 + 1) = A 2 — j. An excellent reference for what follows is [3] and 
we give them credit for the basic idea in finding these solutions. 

3.1 The Solution with Boundary Conditions at s = 

We first consider the solution satisfying boundary conditions at s — 0: call this solution ^(A, w, s). We 
shall require 

lim ?7 1 (A, w, s)s~ A ^ = 1. (3.8) 

•s\() 

We will construct ^(A, cj, s) via a perturbation series, so let us define 

vl(X,(J,s)= (^j r(A + l)JA(wa)farw^0, (3.9) 

where V is the gamma function and J\ is the Bessel function of the first kind (c.f. |T3] on Bessel functions 
and [12] on Bessel and Hankel functions). Then, we rewrite the ODE (|3.6[) as 



(('a-' \ 



1 1 



1 (V K' 



rl 



T 2 K 2 \TK 



7F + -17)) (3.10) 



The Green's function for the operator on the left-hand side of the above equation (satisfying zero 
boundary conditions at s = 0) is 

G(X,u),s,y) = H(s - y)^r (r]^(X,u),s)r)^{-X,u;,y) - ril(-X,u,s)rih(X,u,y)) , (3.11) 

where H is the usual Heaviside function. 
One then obtains the integral equation 

r) 1 (X i w,s)=r)l(\,u,s)+ [ G(X,uj,s,y)W(y)ri 1 (X,uj,y)dy, (3.12) 

JO 

where 

W(V) = (A 2 - I) - + V(y), V(y) = (f + • (3.13) 
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Note that since W is integrable, a smooth solution of this integral equation will indeed be a solution of 
the ODE ([33|) with boundary conditions (1X5)) . 

We next show that W(y) is integrable. To that end, note that V(s) = 0(1) as s —> (due to 
K'(0) = = T"(0)) and that V(s) — O (p-) as s — > oo, since s ~ r for large s and the condition (|1.5p . 
To study the other term in W, first note that s — T(0)r + 0(r 3 ) for small s, and this implies that 



= 0(1) 



r 2 T 2 



for small s. Finally, for large s, we use the conditions (jl.4j) which imply that 



r 2 T 2 



= O 



logs 



Thus, altogether this yields that W is O(l) near the origin and decays like as s — > oo, and so 

||W|Ui(o,°o) < °°- 

Now, in Appendix A of [3], it is shown that for < y < s we have 



\G(X,u,a,y)\ < C e ]lmu]{s ~ y) 
for some C > depending on A. Then we write 



1 + Ms 



A+i 



y 



l + \u\y 



-A+i 



n=0 



for 



»?i(A,w,s)= / G(A,w,s,?/)W r (y)?7 I 1 l _ 1 (A,tJ,y)dy. 
In the same appendix, it is shown that 



|^(A, W ,a)|<Cel^H^_ 
and it's then easy to show by induction and using (j3.14[) . that 

,(c-p(s)y 



A+i 



|^(A,c,s)| <Oel 



Im i 



l + Ms 



A+i 



where 



P(s) 



yW(y) 



dy. 



(3.14) 



(3.15) 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



lo 1 + 

Thus the series (|3. 15|) is bounded term-by-term by an exponential series and the following bounds 

A+i 

(3.20) 



arc immediate: 



1 + \uj\s 



as well as 



|r ? 1 (A, W ,s)-^(A, W ,s)| <Oel Im ^(e CP ( s )-l) [j^\[J\ 



A+i 



(3.21) 



Also, since the series p,15[) is bounded term-by-term by an exponential series, it follows that it converges 
uniformly on compact sets in s. 
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We now check the smoothness of t]q. First let us control To that end, we observe that a short 
calculation gives 



d_ 
ds ' 



Using the bound (|3.17[) we can bound -^t]q(X,lu, s): 

\ i 

d 



ds 



< Ce |Im w|s 



1 + bis 



and C is some constant depending on A. We can then use this to bound 



dG 
ds 



<Ce\ l 



1 + Ma 



mv 



Thus ()3.24j) and (|3.20|) enable us to compute 4-ri l (X,LO,s) as 



ds 



ds 



dG, 



—ri 1 (\,u,s) = —T)Q(X,u),s)+ / — (X,uj,s,y)W(y)r] 1 (X,uj,y)dy 



This yields 



ds ds 



ds 



(3.22) 



(3.23) 



(3.24) 



(3.25) 



Ms 



A+± 



(3.26) 

since P is bounded as s — > oo and W is integrable. We can carry out a similar procedure to bound 
and conclude that rj 1 £ C 2 (0, oo), and thus, ij 1 solves the ODE (|3.6p along with the boundary conditions 



We also claim that r) is analytic in lu in the region lu ^ 0; we will show this using Morera's theorem. 
So first note that t]q(X,lu, s), for fixed s £ (0, oo), is analytic for uj ^ 0. Assume that the same holds 
for r)n(X,id,s). Recall the definition (|3.16|1 . It's easy to show the continuity of rj^ +1 in lu using the 
dominated convergence theorem, the analyticity of G in u, and the induction hypothesis. Then let C be 
a closed contour in C \ {0} and consider 



Vn+i(^u, s)du 



G(A, w, s, y)W{y)^{X, lu, y)dydu. 



c Jo 



Using the integrability of W and the bounds (13.14[) . (|3. 18|) . we may interchange the order of integration, 
and the analyticity of G and ij^ then yields that the integral is zero. Morera's theorem then guarantees 
that ?7^ +1 is analytic in lu, and by induction, this holds for each n £ N. Furthermore, the uniform 
convergence of the series (13. 15)) then yields that T7 1 (A, lu, s) is analytic in lu in the region C \ {0} for fixed 
s £ (0,oo). 

We note also that the only restriction on lu is that lu ^ 0, but we claim that, in fact, 77 1 (A, lu,s) 
can be extended continuously to lu = 0. To this end, let us first demonstrate that the integral equation 
(j 3 . 1 2 [) has a unique solution. Indeed, suppose that f\ is another solution of (|3.12l) and fix s > 0. Since it 
must be that lim s \^o rj(X,u, s)s~ A ~2 = 1 ; there is a constant C > so that 



f](X,Lu,y) < Ce) lm ^ y 



My 



A+i 



One then shows by induction, as before, that 

N 



)(X,lu,s) - ^^(A,w,s) 



n=o 



LU S 
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which as N — y oo yields that fj = r) . Now, to show that r] 1 may be extended continuously to w = 0, we 
first rewrite the ODE (pTo) as 



if (s) - 



A 2 



^)=((A 2 -7 



1 



1 



2^2 



1 



rT 2 R 2 



~K 



■q{s). 



(3.27) 



The operator on the left-hand side here (with zero boundary conditions at s = 0) has the Green's 
function H(s — y) ( 



s A +5 + 



We thus obtain the integral equation 

A 



- 2 ) 



We again solve this via a perturbation series: 

oo 

7 ? 1 - (A, W , s ) = ^7 ?r V°(A^, S ) : 

where rj 1,0 (A,uj, s) = s A+ 2 and 



(!) 



T] {\w,y)dy. 



(3.28) 



(3.29) 



n=0 



r] n ' +1 (X,LU,s) 



(W(y) - 



>sy 



For < y < s we use the obvious bound 



(I) ; 



<2 - 



Vn {\u,y)dy. 



and we can easily show by induction that 



(3.30) 



where 



P( S ) 



(|T^(2;)| + |c| 2 )^. 



This shows that 77 1,0 exists and it is obviously continuous in lu for small lu. We can follow a similar 
procedure as above to verify that rj 1,0 is analytic in lu (for any finite lu) for fixed s > and at least 
twice continuously differentiable for s for s > 0. Thus, 77 1 ' is a solution of the ODE (|3.6[) and, due to 
the boundary conditions, it also solves the integral equation (|3.12[) . Using the uniqueness shown above, 



it follows that rj 1 



n 



1.0 



(One might justifiably ask why we bother at all with t] . The reason is that 



the asymptotics for large lu are imperative to obtain a decay result, but it is difficult to analyze 77 1 ' 
for large lu.) Thus, 77 1 may be extended continuously to u> = 0. We remark that the uniqueness also 
guarantees that 77 1 (A, lu, s) — ?7 1 (A,cj, s), and we note that, as can be seen from the construction above, 
77 1 ' is real- valued for wet, and hence, 77 1 is real valued for wet, 



3.2 The Solution with Boundary Conditions at s = 00 

We move on now to construction a solution of (|3.6[) satisfying asymptotic boundary conditions as s — > 00; 
call this solution ry 2 (A, lu, s). We restrict ourselves for the moment to Im lu < 0, lu 7^ 0. Rewriting this 
ODE again as in (|3.10[) . we find the Green's function for the operator on the left-hand side with zero 
boundary conditions at s = 00 is given by 

B(\,u,s,y) = H{y - s)— (ri%(\,uj,y)r%(\,-uj,s) - rfi(\,u), s)r^(A, -u, y)) , (3.31) 
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where 



(A,w,«) = (^nusy e-^( x+ ^H^\us) (3.32) 
and is the Hankel function of the second kind. Note that lim^oo ?7q (A, ui, s)e luJS = 1. Thus, if we 



A 

require 

r 2 

s— >oo 
,2 



lim ^(A,w,s)e lws = 1, (3.33) 
then the equivalent integral equation for rj 2 is 

/oo 

S(A, u, s, y)W(y) V 2 (A, w, y)dy. (3.34) 

We wish to solve this as a perturbation series, so we write 

oo 

i] 2 (\,u,s) = ^2i]l(\,u,s), (3.35) 

n=0 

where 



= B(\,u,8,y)W(v)r£(\,u,y)dy. (3.36) 

To address convergence, we note that it is shown in appendix A of [4] that for < s < y we have 

| % 2 (A, u , s)\ < C (j^j;) _A+5 e^ Im (3.37) 

and i i 

|B(A,o;, S , 2 /)|<C e l Im ^+( I " n ^f— ^— ) '(_£-_ V " (3.38) 

where C depends on A. It is easy to show then by induction that 

-A+4 



(3.39) 



where 

Q( 8 ) = ^ VWtt)[ e UTm a,|+lm (3 4Q) 

is 1 + |W|J/ 

Note that for Imw < 0, Q is finite for all s £ [0,oo) and indeed ||Q||li([o,oo)) < °°: owing to the 
integrability of W and our requirement that Im oj < 0. Thus rj 2 exists (for Im u> < and w/0), and 
the following bounds are obvious 

\ V 2 (X, u,s)\< Ce^ (j^r) _A+5 e c ^\ (3.41) 
\1 + \oj\sJ 

and 

ItftA, W> .) - ijg(A, «, *)| < Ce( Im (t^) ^ (^ Q(S) ~ !)• (3-42) 

Arguments similar to those in the previous section establish smoothness, analyticity, uniqueness, and 
that j] 2 solves the ODE (|3.6[) . so we omit the details. We easily obtain the following estimates: 



< CMeP--)' ( ) " (8.48, 
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and 



<- c (i^fc) f (life) " A+4 

(3.44) 

From (|3.41j) we see a possible singularity in ry 2 at oj — 0, but this singularity is removable. Indeed, re- 
peating the above construction with the initial function ?7 2 ' (A, oj, s) = oj x ~~ ' (^7rws) 2 e" 
yields a solution 77 2 ' of the integral equation 

/oo 
i?(A, W , S ,y)^(y)r^°(A,^y)d 2 /. 

This solution satisfies the boundary conditions lim^oo i] 2 '°(X, oj, s)e tuJS = oj x ~i and it is continuous in 
oj up to oj = (from the region Im oj < 0). Finally, t? 2 ' can also be obtained from ?7 2 in the sense that 
uj x ^2Tj 2 = i] 2 ' (by uniqueness). 

So we have solved the ODE (|3.6|) subject to the boundary conditions (|3.33|) for Im oj < 0. For 
Im w > 0, we obtain a solution of ?y 2 (A,u;,s) of this BVP by defining r; 2 (A,a;,s) = ?7 2 (A, oj, s). The 
uniqueness guarantees that this is indeed a solution. 



ds 



if(X,oj,s) - —t] 2 (X,oj,s) 



3.3 Constructing the Resolvent 

We note that for Im oj < 0, the regularity of 77 1 at the origin and the exponential decay of r] 2 as s — > 00 
imply that if T] 1 ,!] 2 were linearly dependent, then they would produce a nontrivial vector in the kernel 
of (Hi — oj)^ 1 . However, since Hi is self-adjoint on a domain in Jtf , the spectrum is real, i.e. cr(Hi) C K 
and thus the kernel of (Hi — oj)^ 1 is trivial. Thus, rj 1 ,!] 2 must be linearly independent. Since rr 1 ,^ 2 solve 
the same ODE and are linearly independent, we have that the Wronskian w(rj 1 ,r] 2 ) 7^ (note also that 
the Wronskian is easily seen to be independent of s). 

What about for oj £ R? As we noted above, for oj £ R, 77 1 is real, and more importantly, it has 
constant phase. However, for oj 7^ the boundary conditions (|3.33p imply that rj 2 is of variable phase. 
This implies that r] 1 ,^ 2 are linearly independent for real oj 7^ and thus that the Wronskian is nonzero 
for real oj 7^ 0. 

For oj = 0, we must argue differently, and we consider the extensions of 77 1 , rj 2 to uj = 0. We recall 
that, according to the definition ([33]), there exist solutions 7 1 (A, oj, u), 7 2 (A, oj, u) of (13.31) corresponding 
to 77 1 (A, oj, s), r/ 2 (X, oj, s), respectively. Let us note also that, using the asymptotics of u described earlier 
and the definition of s, we find 

Now let us investigate the asymptotic behavior of 7 1 ,7 2 . For 7 2 we have 

1 = lim rj 2 (X, oj, s) 

S—tOQ 

— lim r(u)^ 2 (X,oj,u) 

= lim (-- + 0(1)) -f 2 (X,oj,u). 
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This implies that 7 2 decays as u /* 0. For 7 1 we have 
1 = lim s~ x ^^r] 1 (X, w, s) 



A+- 



VT(0) / V \ u J J \ u 

This implies that 7 1 either decays as it — > —00 or tends to a constant (depending on A). From Q3.3[) with 
cj = 0, we see that 7 1 and 7 2 are either strictly concave or convex. Thus, 7 1 and 7 2 must be linearly 
independent. In particular, since they solve the same ODE, the Wronskian w(7 1 ,7 2 ) 7^ 0. Furthermore, 
an easy calculation shows that w(r) 1 , rj 2 ) = w(7 1 , 7 2 ). We have thus shown that w( , y 1 (X, uj, u), 7 2 (A, oj, u)) 
is never zero. 

Thus, the function h(ui,u,v) defined by 

u( \ 1 /7 1 (A,w,m) 7 2 (A,w,w), u<v 

h{u,u,v) = TTr r— jj- -r\ (3.45) 

w (l (A,w,m),7^(A,cj,u)) ^7 i (A,w,w)7^(A,cj,u), v < u 

is well-defined. Note that since we are considering a fixed mode, we omit the functional dependence of A 
in h. Now, it's clear that h is continuous in u, v for fixed weC, but moreover, h is also continuous in u> 
over all of C for fixed u, v. The only possible difficulty comes near uj = 0. But, notice that h is unchanged 
if we consider w A_ 2 7 2 instead of 7 2 and the continuity follows. We next claim that h multiplied by the 
operator in ()3.3|) "acts like the Dirac functional" . More precisely, 

Proposition 3.1. The function h(uj,u,v) defined in (|3.45[) satisfies 

h(uJ, u, w) (-8% - r 4 («V 2 + ^1(1 + 1)) 7 («)dw = 7 (u) (3.46) 
for any 7 G Co°(— 00, 0). 

Proof. This follows from a simple calculation where we split the integral into J" and f and integrate 
by parts in these regions (since h is smooth in v in these regions). □ 

Let us now compute the resolvent. To this end, we define integral operator Su acting on the domain 
@i(Suf) = {{Hi — oj)T : T € <^ 2 }, with being given by 



S(u — v) 





1 





f uj 




u,v) 




:)] 




v- 2 





$(v)dv. (3.47) 



We next claim that, in fact, S u — (Hi — uj)^ 1 on Jff. To see this, first note that ^(S^) is dense in M 
This can be argued easily, and indeed, the argument is identical to the one presented in [8]. However, we 
can go further; we claim that, in fact, the set {(Hi — uj)T : F G Cq°(— 00, 0) 2 } is dense in @(Su>) and thus 
dense in Jff. To prove it, we must show that for each <E> G t? 2 there exists a sequence $ n G C§°(—oo, 0) 2 
such that (Hi — uj)($ n — $) — > as n — > 00 (in the norm || • || induced by the inner product (•, •)/). 
Recalling the specific form of Hi in (|1.30[) . we compute for $ = (<j>i, 2 ) T € 

|| (5/- W )$|| 2 
= ||(i/ i -c)$|| 2 

r 2 

r 4 |A ; 0x - UJ(/) 2 \ 2 + |9„0 2 - Udufal 2 + + 1)|0 2 - W<£i| 2 du 

OO ^ 

< 2 T r 4 !^^! 2 + r 4 | W | 2 |0 2 | 2 + |(W 2 | 2 + IwH^^I 2 + ^1(1 + 1)|0 2 | 2 + ^/(/ + l)|«| a |0i| 2 du. 
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Now, if we define fa(r) = 0j(u(r)), then we get d r ipi(r)^rp — d u <fii(u(r)) , owing to the definition of u(r) 
in (|1.18[) . We also find d 2 (j>i(u(r)) — j^dr (d r fa(r)^f^ . Now plugging in the specific form of Ai and 
changing from the u variable to the r variable, we find 



\\(H-u J )\\ 2 <2 ' 



KTr 2 



<), { d ^-^j 



2Ki T^ 1))2 \^\ 2 + KTr 2 \u\ 2 \fa\ 2 + ^\d r H 



r 2 



\^\ 2 j^\drH 2 + ^^ 1 \^\ 2 + §1(1 + l)H 2 \fa\ 2 dr 



The first two terms in the above integrand are troublesome. Let us look first at the second term for 
I 0. First we recall that fa £ % implies that fa vanishes outside of a large ball (say of radius R). 
Thus, for some ro > 0, we have 



— ~2 \fa\ 2 dr + C / \fa\dr, since fa = 0(r 2 ) near r = 

r Jo Jo 

1 2 /•oo pr 

<— \fa\ 2 dr + 2Cr 2 \fa | 2 dr, using Holder 
ro Jo Jo 



<C \fa\ 2 dr 



(i 



Thus, this term is actually bounded. To see that the first term is no problem, we simply observe that 
the absolute value will have at least an r inside it, and this will come out and cancel the r 2 in the 
denominator. This, using that T,K are bounded and bounded away from zero, as well as the fact that 
"01 ■ fa vanish outside of a large ball, we can bound the above by the H 2 norms of fa, fa. More precisely, 



(Hi-u)$f <C(l + M 2 )||*|| H2(0iOo) 



where C depends on I and the support of ^. Now, since Cq°(0, oo) 2 is dense in H 2 (0,oo) 2 , this shows 
that for C C5°(0, oo) 2 with ||\I> - \& n || — >• as n -> oo, we can find a sequence ($„) = (*(r(u))„) 
so that (<&„) C C°°(-oo, 0) 2 and \\(H t - w)($ - $ n )|| ->• as n -> oo. Therefore, given $ G ^ 2 , 
we consider ^f(r) := $(u(r)). Then \l/ is surely in iJ 2 (0,oo) 2 , and we may therefore find a sequence 
(*„) C Co°(0, oo) 2 so that -t ^ as n -t oo. Then define a sequence ($„) C Co°(— oo,0) by 
&n{u) = fy n (r(u)). By the above, we know that (Hi — w)(<!> — $„) — !• as n — > oo. This then proves our 
claim; i.e. {(Hi — uj)T : T £ (-oo,0) 2 } is dense in the set {(Hi — u)T : T G } . 

Now using equation (|3.46[) . it is easy to check that for \I> G Cq°(— oo,0), we have (S u (Hi — lj)*S?)(u) = 
*(u). In other words, S u = (Hi - w) _1 on {(Hi - uj)T : V G Cq°(— oo, 0) 2 }. But since the resolvent 
is a bounded operator and {(Hi — U))T : T G Cg°(— oo, 0) 2 } is dense in @(S U ), which is dense in Jff, it 
follows that S u = (Hi — cj) _1 on Jff. 

Now, according to Stone's formula (Theorem [3T), if we let k(w, u, v) denote the kernel of the operator 
Su, then for any ^ G Jf? we have 

1 1 f b f° 

5 \P[a,b] + P(a,b)) = Ihn — / / (fc(w + ie,u, u) - fc(ui - ie,u, v))^(v)dvdui. 

Z s\0 ZTTl J a J—oo 



Recalling that r) l (\,uj,s) — rj l (\,uj,s) and noting that the same must therefore hold for the 7 l , this 
implies that h(us + is, u, v) = h(cu — ie, u, v) for u> G M, and thus fc(w + is, u, v) = k(w — ic, u, v). This 
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gives 

\ (P[a,b] +P(a.b) I™ -- I I lm(k(LJ^ie,u,v))^{v)dv (3.48) 

^ e N 7f J a J -oo 

and we note again that this converges in the J^-norm. In particular, we would like to derive a spectral 
representation for the data 'fy 1 ™ . We would like to consider the representation in (|3.48[) and interchange 
the limit and the integral, so we must analyze Im.{k(u — ie,u,v)). Indeed, we know that by the above, 
at the worst h(u> — ie,u,v) tends to a constant at u = — oo (this follows from the discussion above on 
7 1 ). But there is a factor of r 4 in Im(fc) to enforce decay. Indeed, as u —> —00, r 4 = O (^r). Since 
^/q" 1 tends to a constant at u = —00, we see that we are justified in switching the order of the limit and 
the integration (also using, of course, the continuity of Im k), for fixed u. From the norm convergence 
implied in Stone's formula, we thus obtain the spectral representation of if? 1 







\ (P[a,b] + P(a,b)) = -- [ f Im{k{u,u,v))^{v)dv<hj. (3.49) 

* T J a J -oo 

This yields that P{ a } = for any net and that the spectrum of Hi is absolutely continuous. Thus we 
have 



IT 



iW)*o («) = / / lra(k(Lu,u,v))^ l Q m (v)dvdu:. (3.50) 



Finally, using the spectral theorem and the fact that e ltHl is unitary, we derive the representation for 
¥ m (t,u) = -- f e~ lut f lm(k(u),u,v))^{v)dvdw. (3.51) 



4 Decay 

To show that the solution if? lrn decays, we would like to use use the Riemann-Lebesgue lemma and the 
representation formula (|3.51|) . In particular, if we show that the integrand within the w-integral is in 
i 1 (R, C 2 ), then the Riemann-Lebesgue lemma guarantees that for fixed u € (— oo,u), ^? lm (t,u) —> 
as t — > oo. To this end, let us find a more useful form of the integrand. First, we claim that the pair 
{r] 2 ,r] 2 } forms a fundamental set for the ODE p. 61) for w e K \ {0}. To verify this, we first compute 
the Wronskian w(rj 2 ,rj 2 ). An easy calculation shows that ^(jJo'^o) = 2i 7^ 0. Now, (|3.42p implies that 
the difference between r\ 2 and tends to zero as s — > 00, which means (invoking (I3.44[) as well) that we 
must have 

w( V 2 ,^ 2 )=w( V 2 ,v 2 ) = 2i^0, (4.1) 

since w(r) 2 ,ri 2 ) is constant in s. Thus, the pair {r] 2 ,r] 2 } forms a fundamental set for \ {0}. This 

implies that {7 2 ,7 2 } forms a fundamental set for (|3.3j) for uj E R \ {0}. Thus, there exist numbers 
(depending only on u) c(w), d(oS) such that 

7 1 (A J u, u) = c(w) 7 2 (A, u, u) + d(w) 7 2(A, u, u), (4.2) 

and where we know that d(oj) 7^ for all u>. Note then that (|4.1|) implies that w(7 1 , 7 2 ) = — 2id(oj) and 
10(7 ,7 2 ) = 2ic{u>). 

Next, we let cj)^ = Re 7 2 ,</> 2 = Im 7 2 , and = ((/>£, ,oj(j)'^ 1 ) T (note that we are dropping the A 
argument, since for our purposes it is superfluous, and we denote the lu dependence by a subscript). A 
short calculation then shows 

1 2 

Im h u (u,v) = 2^22 aabCN^W (4-3) 

a, 6=1 
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where 



an = 1 + Re ( - ) , a?22 = 1 — Re ( - ) , ai2 = a%\ = -Ira 



(4.4) 



Now if we write ^ l m = (V>o™, ^o™) T , we have 

rO 1 2 f 

/ Im(k u (u,v))¥ m (v)dv = ^X] / 

j-oo ^ w _ l_i y — « 



.,6=1 



But now let us use the fact that </> fc (v) satisfies —d 2 ^ + + l)<f> h u = w 2 r 4 ^. We plug this in the 
above integral to obtain 



fjrn(kJu,v))¥ ( r(v)dv = ^ £ a a6 <I>» <i ("^ + ^ + ^ 



We now introduce the additional assumption that $q" € C^°(— oo,0) 2 H Owing to this assumption, we 
may integrate by parts in the above integral and obtain 

1 2 

— £ « Qb <i>S(«)(*o m ,0 ; , (4.5) 



2w 2 



,,b=l 



and so 



<J-' m (t,u) 



2tt 



1 2 

-5 ^ a o6 (o;)*S(u)<tlH ™ <>,dw. 



(4.6) 



a, 6=1 



We have already demonstrated that the integrand above is continuous in u), so to show the integrand 
is in L 1 (R, C 2 ), we need only to analyze it for \u>\ 3> 1. First we recall the formulas for c(ui),d(ui): 
wfa , 7 ) = — 2id(u), uj(7 , 7 2 ) = 2ic(ui). Let us fix s = so G (0, oo) and we will compute w^ 1 ,r] 2 )(s). 
Indeed, recalling the bounds p. 441) . (|3.42|) . (I3.26p . (|3.21|) and considering w e R, we have 



^(A.w.s) -^(A,w,s)| = O f , ,* + a ^ , 



-tV (A, w, s) - — ril (A, w, s) 
as as 



= O 



\r) 2 \,u,s) - t]q(X,u},s) \ = O 



(4.7) 
(4.8) 
(4.9) 



and 



ry 2 (A,w,s) - -^-?7 2 (A,a;,s) 
as 



0(1). 



(4.10) 



Thus we have w(j] 1 ,ry 2 ) = u;(?7q,?7 2 ) + O I — j—r )• Then an easy calculation shows that wirier] 2 



M^2 



O I — jj^r- )i which implies that wfj) 1 , 1 ^) = O I — j^t; )■ We can show similarly that w^ 1 ,^ 2 ) 



1 0,1^2 



5 This corresponds to assuming that the data in problem HI. 1611 is supported away from the origin. But note that, 
to work in the u coordinate as we have done, which maps the interval (0, oo) to (— oo,0), with r = corresponding to 
u = —oo, this does not seem like an unreasonable requirement. 
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O ( — ) . Thus, we have that c,d = O ( — rrr I • This implies that 

|a o6 | < 1 + (m a+ *) . (4.11) 

Next, we note that < \j 2 \. But from the bound (|3.41l) . considered for w € K, we have that 
(considering s — s(u)) 7 2 (A, s, u) = O(l) for large uj. Finally, we look at the term (Wq", We have 

$* ), = f (d v ^)(d v <j>l) + i(l + + wr^^ldv 

J — oo 

= h Lj~^° + wrVL + + ( -a ^ + S + + ^ 

where we used that —d 2 ^ + ^1(1 + 1 )(/>£, = w 2 r 4 <^,. Integrating by parts and iterating this argument as 
many times as we please, we obtain arbitrary polynomial decay in u>. This polynomial decay is enough 
to then guarantee that the integrand in (|4.6I) is in L 1 (E, C 2 ), and then by the Riemann-Lebesgue lemma, 
we are assured that ^ lm (t,u) — > for fixed u as t — > oo. That the modal decay implies decay of the 
full solution "J follows exactly as in [8]. Translating this back into the r-coordinate, this implies that 
for fixed r £ [0, oo), the solution £ of (|1.16|) . under the additional requirement that Zq £ C^°(R 3 \ {0}) 
decays as t — ¥ oo. Thus we have the following theorem: 

Theorem 4.1. Consider problem (| 1 . 1 6|) in a particle-like geometry. If the data is smooth and compactly 
supported away from the origin, then the solution decays in L^ c as t — >• oo . 

5 Application to Particle-like Solutions of EYM 

Finally, we note that particle-like solutions of the SU(2) EYM equations satisfy the conditions (|1.2p — 
([L5]) . c.f. p]. The behavior at the origin follows by simple Taylor expansions and the far-field behavior 
follows from the results in [TT] (with K 2 = A^ 1 and an asymptotic expansion of the metric coefficients 
at infinity. Thus, solutions of the wave equation in SU(2) EYM particlelike geometry, with data that is 
smooth and compactly supported away from the origin, decay in as t — > oo. 
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